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We study the topological optical states in one-dimensional (1D) dimerized ultracold atomic chains,
as an extension of the Su-Schrieffer-Heeger (SSH) model. By taking the fully retarded near-field
and far-field dipole-dipole interactions into account, we describe the system by an effective non-
Hermitian Hamiltonian, vastly different from the Hermitian Hamiltonian of the conventional SSH
model. We analytically calculate the complex bandstructures for infinitely long chains, and show
that the topological invariant, i.e., the complex Zak phase, is still quantized and becomes nontrivial
when the dimerization parameter β > 0.5, despite the broken chiral symmetry and non-Hermiticity.
We have verified the validity of the bulk-boundary correspondence for this non-Hermitian system by
further analyzing the eigenstate distributions along with their inverse participation ratios (IPRs) for
finite chains, where topologically protected edge states are unambiguously identified. We also reveal
that such topological edge states are robust under symmetry-breaking disorders. For transverse
eigenstates, we further discover the increase of localization length of topological edge states with the
increase of lattice period due to the presence of strong far-field dipole-dipole interactions. Moreover,
the ultra-strong scattering cross section and ultra-narrow linewidth of a single cold atom allow us to
observe in more detail about topological states than in conventional systems, such as the frequency
shift with respect to the single-atom resonance and the largely tunable bandgap. We envisage these
topological photonic states can provide an efficient interface between light and matter.
I. INTRODUCTION
The area of topological photonics attracts growing at-
tention in the last decade [1–3]. Specially designed topo-
logical photonic systems are able create topologically pro-
tected optical states, which can propagate unidirection-
ally without any backscattering processes, even in the
presence of disorder and impurities [1–3]. Such systems
show promising applications as novel photonic devices,
including unidirectional waveguides [4], optical isolators
[5] as well topological lasers [6], etc. One-dimensional
(1D) and quasi-1D topological photonic systems, for in-
stance, plasmonic nanoparticle chains [7, 8], lattices of
optical waveguides [9, 10] and arrays of dielectric res-
onators [4] have received intense investigation due to
their simplicity of fabrication and capabilities of guiding
and confining light. Among them, the simplest type of
one-dimensional photonic systems with remarkable topo-
logical features is based on a photonic analogy of the
Su-Schrieffer-Heeger (SSH) model describing dimerized
chains [4, 6–13], which was originally proposed in the
electronic context.
In fact, such topological photonic systems can be also
realized through ultracold atoms [14, 15]. This is inspired
by the recent works on the topological quantum optics in
2D atomic arrays in optical lattices [14]. Nowadays, the
techniques of optical lattices [16] and optical tweezers [17]
are able to accurately manipulate the positions of ultra-
cold atoms to create artificial atomic lattices [18]. Utiliz-
ing the superfluid-Mott insulator transition for bosons,
periodic atomic arrays with a single atom per lattice site
can be fabricated using optical lattices [19–23]. Recently,
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it is even possible to assemble 1D and 2D arrays of ultra-
cold atoms with near-unity perfect filling factor in a large
scale (up to 50 atoms) in an atom-by-atom level [24, 25].
Regarding the very high resonant scattering cross section
at the dipole transition (∼ λ20 where λ0 is the wavelength
of driving light) of a single ultracold atom [26], such ul-
tracold atom arrays offer people an excellent platform for
achieving strong light-matter interaction. Furthermore,
the prominent collective behaviors of photon scattering
by cold atomic arrays, can be harnessed to create arti-
ficial ultrocold atom-based photonic crystals and meta-
materials [27], offering opportunities for novel miniatur-
ized and efficient nanophotonic devices like perfect re-
flectors [28, 29] and polarizers [30]. The ultra-narrow
radiative linewidth of ultracold atoms [31] compared to
conventional optical scatterers also provide finer observa-
tions about topological states than conventional systems.
Moreover, if nonlinear effects in atoms are included at
high-intensity excitation, such dimerized chains can be
applied to study the many-body physics of interacting
photons, offering an ideal playground with both control-
lable topology and nonlinearity [14, 29, 32]. Therefore,
in this paper, we propose the one-dimensional dimerized
ultracold atomic chain to study the topological edge and
interface states of light, as a first step towards this goal.
Another motivation of this work is to understand
the topological physics of non-Hermitian systems that
is developing rapidly. Different from the Hermitian
Hamiltonian of the conventional SSH model, the ef-
fective Hamiltonians of light-matter interaction associ-
ated with the photonic analog of the SSH model us-
ing cold atoms and plasmonic nanoparticles are non-
Hermitian, which, in general, implies complex eigenval-
ues with imaginary parts describing the interaction with
environment [14, 33, 34]. Actually, the non-Hermiticity
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2of the effective Hamiltonian becomes more prominent
when the retardation effect and far-field dipole-dipole
interactions are taken into account [33, 34]. Such non-
Hermiticity may have relevant consequences on the topo-
logical phenomena in these systems. Recently, there
has been a growing interest on the topological proper-
ties of non-Hermitian Hamiltonians [35–56]. Neverthe-
less, there are several crucial open questions yet to be
carefully answered in this field, to name a few, includ-
ing: (1) Can appropriate topological invariants be de-
fined in non-Hermitian systems to describe the topology
of bandstructures [3, 38, 39, 43, 49, 52]? (2) Is the bulk-
boundary correspondence still valid in non-Hermitian
systems [3, 48, 52]? (3) Are there stable and nontriv-
ial edge states in the interface of topologically different
non-Hermitian systems [45, 52]? Our system is naturally
positioned in this context, and in this paper, we aim to
answer these questions, at least partially, on the basis of
the cold atomic realization of the SSH model for photons.
On the other hand, unlike the conventional SSH model
based on the nearest-neighbor approximation [11], the
consideration of retardation effect and far-field dipole-
dipole interactions, which is especially necessary when
the lattice period is comparable with or even larger than
the wavelength [33, 34], will lead to the breaking of chi-
ral symmetry, which is regarded as a necessary condition
to realize topological protection for the edge states in
the SSH model [57]. As a result, a thorough investiga-
tion on the consequences of the simultaneous presence of
chiral-symmetry breaking and non-Hermiticity should be
carried out. In addition, the presence of far-field dipole-
dipole interactions, especially in the transverse eigen-
states, which introduce very strong long-range hoppings
of photons, can possibly change the entire topological
landscape, should be examined carefully [34].
In this paper, by taking both near-field and far-field
dipole-dipole interactions into account in the effective
Hamiltonian describing light-matter interaction, we an-
alytically calculate the bandstructures of infinitely long
1D dimerized cold atomic systems. It is shown that a
topological invariant, i.e., the complex Zak phase, can be
well-defined to classify the topology of the Bloch bands.
By carrying out open-boundary-condition calculations,
we find that topologically protected states emerge at the
edges of topologically nontrival dimerized chains as well
as at the interface between chains with different complex
Zak phases, implying the validity of the bulk-boundary
correspondence in our system. We further verify that
these conclusions are valid for both longitudinal and
transverse eigenstates. We also reveal such topological
photonic states are robust under symmetry-breaking dis-
orders. For transverse eigenstates, we further discover
the increase of localization length of topological edge
states with the increase of lattice period due to the pres-
ence of strong far-field, long-range dipole-dipole interac-
tions. The topologically protected edge states in dimer-
ized ultracold atomic chains can provide an efficient in-
terface for studying the topological states of light and
matter. And we also expect our study can provide im-
plications for the study of the topological properties of
non-Hermitian Hamiltonians.
II. MODEL
The schematic of a dimerized, ultracold, and two-level
atomic chain is shown in Fig.1a, where the dimerization is
introduced by using inequivalent spacings, i.e., d1 6= d2,
between two sublattices, denoted by A and B respec-
tively. The overall period is then d = d1 + d2. Here we
first assume these atoms are perfectly trapped in a per-
fect Mott insulator state in the optical lattice [14, 58].
Such dimerization leads to different “hopping” rates of
photons in different directions, mimicking the SSH model
for electron hopping. However, in the presence of near-
field and far-field dipole-dipole interactions, the physical
picture is much more complicated than nearest-neighbor
“hopping” in the conventional SSH model.
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FIG. 1. (a) Schematic of the dimerized ultracold atomic chain.
The atoms are identical with alternate atom spacings repre-
sented by d1 and d2, and the two sublattices are denoted by
A and B respectively. A unit cell is identified by the dashed-
line rectangle. (b) Real parts of the bandstructures for lon-
gitudinal eigenstates of a dimerized chain with d = 0.2λ0
for different dimerization parameters β. Here λ0 = ω0/c is
the wavelength at the single-atom resonance. (c) The same
as that in (b) but with d = 0.5λ0. (d) Imaginary parts of
the bandstructures for longitudinal eigenstates of a dimerized
chain with d = 0.2λ0 for different dimerization parameters β.
(e) The same as that in (d) but with d = 0.5λ0.
3The two-level atom, for simplicity, has three degener-
ate excited states denoted by |eα〉 polarized along differ-
ent directions, where α = x, y, z stands for the Carte-
sian coordinates, with a ground state denoted by |g〉. By
applying the single excitation approximation (which is
valid for sufficiently weakly excited system) [59–61], we
can work in the subspace spanned by the ground states
|G〉 ≡ |g...g〉 and the single excited states |i〉 ≡ |g...ei...g〉
of the atoms [59–61]. Moreover, by adiabatically elimi-
nating the photonic degrees of freedom in the reservoir
(i.e., the quantized electromagnetic field), we obtain the
effective Hamiltonian describing light-atom interaction in
the absence of the external field as [14, 15, 29, 58–62]
H = ~
N∑
i=1
∑
α=x,y,z
(ω0 − iγ/2)|ei,α〉〈ei,β |
+
3pi~γc
ω0
∑
i=1,i6=j
∑
α,β=x,y,z
Gαβ(rj , ri)|ei,α〉〈ej,β |,
(1)
which acts on the single excited states of the atoms. Here
~ is the Planck’s constant, ω0 is angular frequency of the
dipole transition from |g〉 to |e〉 in a single atom in free
space with a radiative linewidth of γ, and c is the speed
of light in vacuum. Gαβ(rj , ri) is the free-space dyadic
Green’s function describing the propagation of field emit-
ting from the i-th atom to j-th atom, where rj and ri
indicate their positions [61, 63]:
Gαβ(rj , ri) = −exp (ikr)
4pir
[(
1 +
i
kr
− 1
(kr)2
)
δαβ
+
(
− 1− 3i
kr
+
3
(kr)2
)
rˆαrˆβ
] (2)
where k = ω0/c is the wavenumber in vacuum, r = |r|,
r = rj − ri, rˆα = rα/r, and δαβ is the Kronecker delta.
For 1D atomic chains, the collective eigenstates can be
regarded as transverse (all atoms are excited to the |ey〉
or |ez〉 states) or longitudinal (all atoms are excited to the
|ex〉) according to the polarization directions of the atoms
[64]. Here we first focus on the longitudinal states and
discuss transverse states later because the longitudinal
states couple with the light line very weakly [33, 34, 42].
By invoking the Bloch theorem, for an infinite periodic
dimerized lattice, we construct the longitudinal eigen-
state with a wavenumber kx along the x-axis as a linear
combination of the single-excited states [14, 15, 29, 59–
61]:
|ψkx〉 =
∞∑
n=−∞
exp(ikxnd)[pA,kx |e2n−1,x〉+ pB,kx |e2n,x〉],
(3)
where n denotes the n-th unit cell, |e2n−1,x〉 and |e2n,x〉
stand for the single excited states of the A-type atom
and B-type atom, respectively, and pA,kx and pB,kx are
corresponding expansion coefficients depending on kx.
Therefore, we have the following non-Hermitian eigen-
state problem:
H|ψkx〉 = ~Ekx |ψkx〉, (4)
where Ekx is the complex eigenfrequency (energy) of the
Bloch eigenstate described by Ekx = ωkx − iΓkx/2, in
which ωkx is the angular frequency and Γkx is the radia-
tive linewidth of the eigenstate. Inserting Eqs.(1) and (3)
into Eq.(4), we can straightforwardly obtain the following
equation:
− 3piγc
ω0
( ∑
n 6=0Gxx(nd) exp (ikxnd)
∑
Gxx(nd+ d1) exp (ikxnd)∑
Gxx(nd− d1) exp (ikxnd)
∑
n 6=0Gxx(nd) exp (ikxnd)
)(
pA,kx
pB,kx
)
= (Ekx − ω0 + iγ/2)
(
pA,kx
pB,kx
)
, (5)
where
Gxx(x) = −2
[ i
k|x| −
1
(kx)2
]exp (ik|x|)
4pi|x| , (6)
Therefore we can obtain the following eigenvalue equa-
tion
(
aL11(kx) a
L
12(kx)
aL21(kx) a
L
22(kx)
)(
pA,kx
pB,kx
)
=
Ekx − ω0 + iγ/2
−3piγ
(
pA,kx
pB,kx
)
,
(7)
The matrix in the left hand side (LHS) of Eq.(7) can be
regarded as the effective Hamiltonian in the reciprocal
domain, denoted by H(kx). Using the polylogrithm (or
Jonquie´re’s function) defined as Lis(z) =
∑∞
n=1 z
n/ns,
we can straightforwardly obtain the diagonal elements as
aL11(kx) = a
L
22(kx) = −i
Li2(z
+) + Li2(z
−)
2pik2d2
+
Li3(z
+) + Li3(z
−)
2pik3d3
,
(8)
and invoking the Lerch transcendent defined as
Φ(z, s, a) =
∑∞
n=0 z
n/(n + a)s, we get the off-diagonal
elements
aL12(kx) =
[
− iΦ(z
+, 2, β)
2pik2d2
+
Φ(z+, 3, β)
2pik3d3
]
exp (ikβd)
+
[
− iΦ(z
−, 2, 1− β)
2pik2d2
+
Φ(z−, 3, 1− β)
2pik3d3
]
z− exp (−ikβd),
(9)
4aL21(kx) =
[
− iΦ(z
+, 2, 1− β)
2pik2d2
+
Φ(z+, 3, 1− β)
2pik3d3
]
z+
× exp (−ikβd) +
[
− iΦ(z
−, 2, β)
2pik2d2
+
Φ(z−, 3, β)
2pik3d3
]
exp (ikβd),
(10)
where β = d1/d is the dimerization parameter, z
+ =
exp (i(k + kx)d) and z
− = exp (i(k − kx)d) [34]. Here the
matrix elements are not unique, depending on the choice
of unit cell [65], which are chosen such that it fulfills
aLij(kx) = a
L
ij(kx + 2pi/d), i.e., using the periodic gauge
[3, 7]. Therefore, the calculated dispersion relations in
real and imaginary spaces are:
∆
γ
= 3piRe
[
−aL11(kx)±
√
aL12(kx)
√
aL21(kx)
]
, (11)
Γ
γ
= 1 + 6piIm
[
aL11(kx)∓
√
aL12(kx)
√
aL21(kx)
]
, (12)
respectively, where ∆ = ReEkx − ω0 stands for the de-
tuning of the eigenstate, and Γ = −2ImEkx is the corre-
sponding radiative linewidth (decay rate). It can be in-
ferred that for the nearest-neighbor approximation, the
upper and lower bands are symmetric with respect to
∆ = 0 (i.e., the single atom resonance frequency) [66],
while the intercell dipole-dipole couplings are introduced,
the bandstructures are not symmetric any more. The cal-
culated bulk (Bloch) bandstructures for β = 0.5, 0.6, 0.7
are shown in Figs.1b and 1d for d = 0.2λ0, and Figs.1b
and 1e show the real and imaginary parts of the spec-
trum for d = 0.5λ0. The bandstructures for β = 0.3 and
β = 0.4 are the same as those for β = 0.7 and β = 0.6,
respectively. It is observed that for β 6= 0.5, bandgaps in
the real space are opened in both cases, while a smaller
period leads to a wider bandgap. This is due to that the
near-field dipole-dipole interactions between atoms can
give rise to very strong frequency shifts [30, 31]. On the
other hand, the imaginary parts of the bandstructures
are ungapped.
III. TOPOLOGICAL INVARIANT AND
MIDGAP STATES
A. Topological invariant
Previously, much attention concerning the topolog-
ical properties of non-Hermitian systems was paid to
the study of exceptional points (EPs), which largely de-
termine the exotic topological phenomena of such sys-
tems [67, 68]. Exceptional points are singularities of
energy spectrum of non-Hermitian Hamiltonians where
the eigenvalues and eigenvectors (eigen wave functions)
coalesce [69]. Various winding numbers respect to the
EPs are then defined to characterize non-Hermitian sys-
tems [41, 43, 51] are defined to depict the topology of
non-Hermitian bandstructures. Recently, more general
discussions were carried out to classify the topological
properties of non-Hermitian systems in analogy with the
Altland-Zirnbauer (AZ) classification [70] for Hermitian
systems [55]. On the other hand, for non-Hermitian
systems without band degeneracies (i.e., EPs), which
means the different bands are separable, the complex Zak
phase [6, 35, 39, 46, 53] and the (first) Chern number
[49, 56] are used to characterize the topological proper-
ties of one-dimensional and two-dimensional systems, re-
spectively. Nevertheless, for non-Hermitian systems, the
left-eigenvectors are different from the right-eigenvectors,
and both of them should be exploited in the calculation
of topological invariants.
More rigorously, here a “separable” band with a band
number n means that for any m 6= n in the entire band-
structure, the energy Em,k 6= En,k for all k in the com-
plex plane. Moreover, if the energy Em,k′ 6= En,k for
all k and k′ in the complex plane, the band n is called
“isolated” or “gapped” [49]. According to Eqs.(11-12),
since a12(kx)a21(kx) 6= 0 is always valid in our case when
β 6= 0.5, the bulk bandstructures are always separable.
Actually, in the complex plane, the cases investigated in
this study are always gapped except for β 6= 0.5 (which
can be seen in the examples exhibited below). As a con-
sequence, in this paper, we expect that for the present
non-Hermitian system the complex Zak phase is quan-
tized and can describe the topological phase transition,
where the transition point is the gap closing point, i.e.,
β = 0.5 [46].
Specifically, since the non-Hermitian effective Hamilto-
nian in Eq.(7) has no chiral symmetry, according to the
conventional AZ classification for Hermitian systems, this
system seems to be topologically trivial [11, 70]. How-
ever, a close scrutiny of the effective Hamiltonian tells us
that although the frequencies of eigenstates are affected
by the diagonal terms (chiral-symmetry breaking terms),
the eigenvectors of eigenstates are still the same as those
of the chirally symmetric counterpart of the Hamiltonian,
i.e.,
H˜(kx) =
(
0 aL12(kx)
aL21(kx) 0
)
, (13)
which obviously fulfills the chiral symmetry condition
σzH˜(kx)σz = −H˜(kx). Here σi with i = x, y, z refers to
Pauli matrices. Such a property can be viewed as a triv-
ial chiral-symmetry breaking as pointed out by Pocock et
al [34]. In that sense, the complex Zak phase preserves
the feature in a chirally symmetric system, and thus is
still quantized and can be used to determine the topol-
ogy of bulk bandstructure, as recently discussed by Lieu
[46]. Note this quantization does not refer to the inver-
sion symmetry, unlike the real Zak phase, which is de-
fined solely based on right eigenvectors and requires the
inversion symmetry to be quantized [46]. Nevertheless,
here the effective Hamiltonian still obeys this symmetry,
i.e., σxH(kx)σx = H(−kx) over the center of the lat-
tice. That is why some authors argued that the inversion
5symmetry quantizes the Berry phase [33].
In 1D non-Hermitian systems, the complex Zak phase
should be reformulated according to the orthogonality
of left and right eigenstates (also called biorthogonality)
[6, 38, 40, 42, 44–47, 49, 71–74] as
θB = i
∫
BZ
∑
j=A,B
〈pLj,kx |i∇kx |pRj,kx〉, (14)
where |pRkx〉 and |pLkx〉 denote right and left eigenstates
of H(kx). The left eigenstate satisfies H
†(kx)|pLkx〉 =
E∗kx |pLkx〉. These normalized (to make 〈pLkx |pRkx〉 = 1)
eigenvectors of the eigenstates are calculated as
|pLkx〉 =
1√
2
∓√aL,∗21 (kx)√aL,∗12 (kx)
1
 , (15)
|pRkx〉 =
1√
2
∓√aL12(kx)√aL21(kx)
1
 . (16)
Therefore the complex Zak phase is
θB =
∫
BZ
dkxA(kx)
= i
∫ pi/d
−pi/d
[
pL,∗A,kx
∂pRA,kx
∂kx
+ pL,∗B,kx
∂pRB,kx
∂kx
]
dkx
=
arg[a21(kx)]− arg[a12(kx)] + i ln( |a12(kx)||a21(kx)|
4
∣∣∣pi/d
−pi/d
.
(17)
According to Eq.(17), the real part of θB is simply half
the difference of the winding numbers of a21(kx) and
a12(kx) encircling the origin multiplied by pi. Since
|a12(−pi/d)| = |a21(−pi/d)| = |a12(pi/d)| = |a21(pi/d)|
from Eqs.(9-10), the imaginary part of θB is exactly zero.
Therefore, the complex Zak phase is a real quantity.
In Fig.2, we show the winding of a12(kx) and a21(kx)
over the origin in the complex plane, for the cases of
β = 0.4 and β = 0.6 with lattice constant d = 0.2λ0 and
d = 0.5λ0. Since the winding directions of a12(kx) and
a21(kx) are always opposite because a12(kx) = a21(−kx),
the winding numbers of a12(kx) and a21(kx) are +1 and -1
respectively when the dimerization parameter is β = 0.6,
while when β = 0.4, the winding numbers are both zero
for the cases of d = 0.2λ0 and d = 0.5λ0. As a conse-
quence, the complex Zak phase for β = 0.6 is pi and is
0 for β = 0.4, and the topological phase transition point
is the gap closing point, i.e., β = 0.5. The quantized
complex Zak phase gives rise to the total winding num-
ber W = θB/pi, which determines the number of edge
states in either boundary of a finite 1D chain if the bulk-
boundary correspondence is valid, which will be discussed
in the next subsection. Note in the present case, the next-
nearest-neighbor or high-order couplings cannot provide
an increase in the winding number due to the nature of
dipole-dipole interactions. However, if these couplings
are of different nature and become strong enough, higher
winding numbers are also possible, for example, the cases
discussed by Yin et al [51] and Pe´rez-Gonza´lez et al [75],
although in different physical contexts.
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FIG. 2. The winding of a12(kx) and a21(kx) over the origin in
the complex plane. The lattice structures are (a) d = 0.2λ0,
β = 0.6. (b) d = 0.2λ0, β = 0.4. (c) d = 0.5λ0,β = 0.6. (d)
d = 0.5λ0, β = 0.4.
B. Bulk-boundary correspondence and midgap
states
In Hermitian systems, according to the bulk-boundary
correspondence, the topological invariant (Berry phase)
determines the existence of edge states [1–3, 76]. The ex-
istence of nontrivial topological invariant predicts topo-
logically protected edge states at the boundary between
the chain and the topologically trivial vacuum. How-
ever, for some non-Hermitian Hamiltonians in one dimen-
sion, it was recently found that the conventional bulk-
boundary correspondence becomes invalid [48, 50, 54].
This breakdown is because the appreciable difference
between the Bloch bandstructures under the periodic
boundary condition (PBC) and the bulk bandstructures
calculated using the open boundary condition (OBC).
Consequently, some modified topological invariants were
proposed, for instance, the so-called biorthogonal polar-
ization [54], and the modified winding number defined
with respect to a deformed Brillouin zone [50], to cor-
rectly characterize the topology of the bulk bandstruc-
tures of finite 1D non-Hermitian systems. Nevertheless,
in the current non-Hermitian system, we show that the
previously derived complex Zak phase is able to charac-
terize these edge states, and the bulk-boundary corre-
spondence is still valid.
Let us first consider the longitudinal eigenstates of
a finite-size chain with N = 100 identical atoms (50
6dimers) with an open boundary. Its bandstructure can
be determined numerically by calculating the eigenstates
of the Hamiltonian in Eq.(1) with respect to the wave
function |ψ〉 = ∑Nj=1 pj |ej,x〉, where pi is the expansion
coefficient denoting the probability amplitude of each ex-
cited state |ej,x〉 [59–61, 64], whose physical significance
in classical electrodynamics is the (normalized) dipole
moment of the j-th atom. This equation specifies a set
of solutions in the form E = ω − iΓ/2 (Γ > 0) in the
lower complex plane denoting to the eigenstates of the
dimerized chain. The same as in Sec.II, ω amounts to the
angular frequency of an eigenstate while Γ refers to its ra-
diative linewidth (decay rate), where the corresponding
right eigenvector |pR〉 = [p1p2...pj ...pN ] then indicates
the dipole moment distribution of an eigenstate in a clas-
sical interpretation. The wavenumber for an eigenstate
can be determined by [34, 64]
kx
(2pi
d
)−1
=
(N − 2)n+ 1
N(N − 1) , (18)
where n is the mode number of an eigenstate, which is 1
plus the number of times of sign changes of Re(pj) along
the chain for that eigenstate [34, 64]. To demonstrate
the degree of state localization in space, we further ana-
lyze the inverse participation ratio (IPR) of an eigenstate
from its eigenvector as [77]
IPR =
∑N
j=1 |pj |4
[
∑N
j=1 |pj |2]2
. (19)
The IPR can be used to indicate the spatial confinement
of different eigenstates [77, 78]. For instance, for an IPR
approaches 1/M , where M is an integer, the correspond-
ing eigenstate involves the excitation of M atoms [77, 78].
For a highly localized topological edge/interface state, its
IPR should be substantially larger compared to those of
bulk states [77].
In Figs.3a and 3b, we show the eigenstate distributions
(bandstructures) for the cases of β = 0.6 and β = 0.4
with lattice period d = 0.5λ0, which are almost the same
with those of infinitely long chains shown in Fig.1. The
lower-in-frequency band contains states with very high
decay rates (Γ/γ > 1) while the bulk states in the upper-
in-frequency band are long-lived (Γ/γ  1). There-
fore we can regard the lower band as the bright band
while the upper band as the dark band. In the β = 0.6
case, we find two midgap states at ∆/γ = −0.10548 and
∆/γ = −0.10558, which are found to be red-detuned
from the single atom resonance. Note in the nearest-
neighbor approximation, the two midgap states exactly
have the same frequency at ∆ = 0, which are so-called
gapless zero-energy modes [11, 66]. The gapped edge
states and the relevant frequency shift is the result of
the shift of the bandgap, originating from the diagonal
terms in the Hamiltonian. In Fig.3a the midgap states
both have a rather high IPR around 0.34. However, in
Fig.3b for β = 0.4, there are not any midgap states.
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FIG. 3. (a) Bandstructure (eigenstate distribution) for a
finite dimerized chain with N = 100 atoms under β = 0.6
and d/λ0 = 0.5. There are two midgap states at (∆/γ =
−0.10548, Γ/γ = 0.7960), and (∆/γ = −0.10558, Γ/γ =
0.7963). (b) Bandstructure (eigenstate distribution) of a
topologically trivial dimerized chain with N = 100 atoms
under β = 0.4 and d/λ0 = 0.5. (c) Dipole moment distri-
bution |pi| (logarithmic scale) of the two midgap edge states.
(d) Schematic of the connected chain. (e) Eigenstate distri-
bution for a connected chain. (f) Dipole moment distribution
of the interface state at (∆/γ = −0.0081, Γ/γ = 0.2258) in
(e) (logarithmic scale), compared with those of bulk states
at (∆/γ = −1.245, Γ/γ = 2.579) and (∆/γ = 1.453,
Γ/γ = 6.3740× 10−4).
The dipole moment distributions of the two midgap edge
states along the chain are shown in Fig.3c in the loga-
rithmic scale, which are exponentially localized over the
edge. It is thus concluded that the midgap states are in-
deed topologically protected edge states as guaranteed by
the non-trivial complex Zak phase for β = 0.6. Moreover,
we also note that the midgap states are also subradiant
with a decay rate Γ/γ ∼ 0.796 < 1, compared to the
single atom resonance. For finite chains, the spectrum
of β = 0.5 is still ungapped (not shown here). This fea-
ture implies that β = 0.5 is indeed the quantum phase
transition point [46].
Another feature of topological systems is that, for two
systems with different topological invariants, there exist
topologically protected interface states at the boundary
between them [3]. In Fig.3e we calculate the eigenstate
distribution for a connected chain, which comprises a
topologically trivial chain with β = 0.4 in the left and
7a topologically nontrivial right chain with β = 0.6 in the
right (schematically shown in Fig.3d). Here the inter-
chain distance, i.e., the distance between the rightmost
atom in the left chain and the leftmost atom in the right
chain is set to be d2. It is observed that a long-lived in-
terface state emerges in the bandgap at ∆/γ = −0.0081
with a decay rate of Γ/γ = 0.2258. Another midgap
state is the edge state at the right boundary of the right
chain, with a frequency at ∆/γ = −0.10553 and decay
rate of Γ/γ = 0.79615. Note the IPR of the right-edge
state (IPR = 0.6876) is even higher than that of the
interface state (IPR = 0.3153). In Fig.3f we show the
dipole moment distribution for the interface state, com-
pared with those of two bulk states in the upper band
(∆/γ = 1.453) and lower band (∆/γ = −1.245) respec-
tively. The bulk states periodically distributed in the
left and right chains while the interface state is expo-
nentially localized. Surprisingly, it is further seen that
one midgap state further emerges beyond the upper band
(∆/γ = 1.6303, Γ/γ = 0.0059) and another situates be-
low the lower band (∆/γ = −1.5034, Γ/γ = 2.8137).
Actually, these two states are subradiant and superra-
diant edge states formed by the pair of atoms near the
interface [26, 31], namely, the rightmost atom in the left
chain and the leftmost atom in the right chain. Such
states arises from the strong near-field dipole-dipole in-
teractions between the atom pair [26, 31], which can be
observed by considering the eigen-frequencies of the inter-
action matrix of a pair of atoms (not shown here) [78]. It
is also found that the spectral position of these two states
strongly depend on the inter-chain distance and when the
inter-chain distance becomes larger than d1 where near-
field interactions are not strong enough, they disappear
and become mixed in the bulk states. Therefore, these
two states are not topologically protected states at all.
In order to reveal how the midgap edge states of a
dimerized chain evolve with the dimerization parameter,
in Fig.4a we show the detuning and decay rate as a func-
tion of β for d = 0.5λ0 and d = 0.2λ0 respectively. It
is observed that in both cases when the dimerization pa-
rameter increases from 0.5 to 1, the detunings of both
edge states approach zero and their decay rates reach
unity, leading to a behavior the same as the single-atom
resonance. In fact, in dimerized plasmonic nanoparti-
cle chains, it was usually found that the edge state fre-
quency is the same as single-particle resonance frequency
[7, 8, 34]. Thanks to the ultra-narrow linewidth of cold
atoms, here we are able to observe the frequency shift
of edge states from the single-atom resonance frequency,
which is indeed substantial when d is small and β ap-
proaches 0.5. It is also noted that for d = 0.5λ0, the edge
states are red-detuned from the single atom resonance
frequency, while for d = 0.2λ0, they are in contrast blue-
detuned. This difference is definitely the result of in-
terplay between the near-field and far-field dipole-dipole
interactions. This phenomenon is consistent with some
most recent researches on 1D plasmonic systems [33, 66],
where a blue-shift of the bandgap was found in Ref.[66]
while a red-shift was found in Ref.[33]. In Fig.4b, we also
plot the real bandgap width δ, which drastically expands
when the dimerization increases, resulting in a 10000γ-
wide gap for β = 0.95 under d = 0.2λ0. Such a remark-
able feature provides a very flexible platform for (real)
bandgap engineering in nanophotonic systems, which is
one of the main advantages of cold atomic systems.
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FIG. 4. (a) Edge state frequency (detuning) ∆/γ and de-
cay rate Γ/γ of topological nontrivial dimerized chain as a
function of dimerization parameter β under d/λ0 = 0.5 and
d/λ0 = 0.2. (b) Band gap size δ/γ as a function of dimeriza-
tion parameter β under d/λ0 = 0.5 and d/λ0 = 0.2.
IV. DISCUSSION
By this stage, we have already shown the non-trivial
topological properties of the dimerized cold atomic chain,
although it is described by a non-Hermitian Hamiltonian.
In this section, we go further beyond the conclusions
drawn above. First, we demonstrate the effect of dis-
order, which does not respect the chiral symmetry, to
elucidate that such edges modes are indeed topologically
protected. Then, we examine whether the topological
states still persist when the lattice constant is increased
to make far-field, long-range dipole-dipole interactions
dominate. We further discuss the property of transverse
eigenstates, and find that the existence of strong far-field
dipole-dipole interactions (decaying slowly as 1/r where
r is the distance) in the transverse eigenstates still pre-
serves the topological properties described by the quan-
tized complex Zak phase, which is non-trivial for β > 0.5.
Finally, we propose possible experimental realizations for
the dimerized atomic chain.
A. Effect of disorder
To account for the circumstances in practice when the
atoms are not perfectly trapped and fluctuate around the
lattice sites, here we focus on the β = 0.6, d = 0.5λ0
dimerized chain and discuss the effect of disorder on
longitudinal eigenstates. Here disorder is introduced by
shifting the positions of A atoms randomly in the range
[−εd1/2, εd1/2] along the x-axis, while the positions of B
atoms are fixed. Note this kind of disorder can destroy
the trivial chiral-symmetry-breaking condition, since it
leads to a difference in the hoppings from A to A and B
8to B, and then a nontrivial symmetry-breaking. If the
midgap states in our system are robust to this kind of
symmetry-breaking disorder, we expect them to be topo-
logically stable [79]. In Figs.5a and 5b we give the eigen-
state distributions for ε = 0.1 and ε = 0.5 respectively,
which are both obtained after 100 random realizations.
It is found that disorder can broaden the bandstruc-
ture, leading to far-detuned states, especially for ε = 0.5.
This is because under strong disorder, many atoms get
very close to each other, leading to significant near-field
dipole-dipole interactions and thus large frequency shifts
[77]. In both weak-disorder and strong-disorder cases,
topologically protected edge states with high IPRs still
persist. Moreover, their IPRs mostly distribute in the
range of [0.4, 0.85], which are even larger than that of
the ordered dimerized chain (IPR = 0.34), indicating a
stronger spatial confinement. In the inset of Fig.5a, the
dipole moment distributions of the two edge states for a
specific random realization are given for ε = 0.1. It is
noted that different from the ordered case, these states
in a disorder dimerized chain not only split in frequency
domain substantially (not shown here), but also separate
with each other in their dipole moment spatial distribu-
tions. The two nearly identical two-sided edge states in
the ordered case evolve into two different one-sided edge
states in the disordered case. This is the direct conse-
quence of the nontrivial chiral symmetry-breaking disor-
der. The same phenomenon is also observed for ε = 0.5.
When ε > 0.6, we find that the edge states start to mix
with bulk modes and the bandgap gets closed in both real
and imaginary frequencies. However, in such a high dis-
order, it is still possible to observe highly localized edge
states.
In Fig.5c we calculate the eigenstate distribution of a
connected chain which comprises a topologically nontriv-
ial chain with β = 0.6 and disorder ε = 0.5 in the right,
and a topologically trivial chain with β = 0.4 and dis-
order ε = 0.5 in the left, which is also obtained after
100 random realizations. In this circumstance, the topo-
logically protected interface states with high IPRs still
persist in the gap near ∆/γ ∼ 0. In Fig.5d the dipole
moment distribution for a typical interface state is given.
Remarkably, we find the dipole moment of this interface
state is enhanced compared to that of the interface state
in the ordered case. We may attribute this enhancement
to the Anderson localization mechanism in strongly dis-
ordered systems [78]. In Fig.5d we also show the edge
state in the right chain, which also resides in the gap,
and a typical Anderson localized bulk state, for a sin-
gle random realization. It is found that the topologically
protected edge and interface states are more spatially lo-
calized than the Anderson localized state, and result in
stronger field enhancements.
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FIG. 5. (a) Eigenstate distribution for weakly disordered
(ε = 0.1) dimerized chains with N = 100 atoms under β = 0.6
and d = 0.5λ0. Results of 100 random realizations are shown.
Inset: Dipole moment distributions (logarithmic scale) of the
two edge states in a specific random configuration. (b) Eigen-
state distribution for highly disordered (ε = 0.5) dimerized
chains with N = 100 atoms under β = 0.6 and d = 0.5λ0. Re-
sults of 100 random realizations are shown. Inset: Dipole mo-
ment distributions (logarithmic scale) of the two edge states
in a specific random configuration. (c) Eigenstate distribu-
tion for connected dimerized chains comprising two disor-
dered dimerized chains. Results of 100 random realizations
are shown. (d) Dipole moment distributions of the interface
state, as well as an edge state at the right boundary and an
Anderson localized state.
B. Effect of the increase of lattice constant
In this subsection, we briefly examine whether the
topological properties still persist when the lattice con-
stant is increased to make far-field, long-range dipole-
dipole interactions dominate, which give rise to a totally
different picture from the conventional SSH model. In
Fig.6a we calculate the real part of the spectrum of lon-
gitudinal eigenstates as a function of lattice constant d,
where a finite chain with N = 100 atoms is chosen and
the dimerization parameter is β=0.6. The midgap edge
states emerge, which are denoted by a red line indicat-
ing the high IPRs (> 0.3) of these states. However, it
is found that in the real spectrum, the bandgap actually
closes when d/λ0 & 1, and the upper band overlaps with
the lower band, indicating that the system might become
“metallic”. Since there is no topological phase transition,
which requires a closure and re-opening of the bandgap
[80], in a metallic system, it seems the emergence of these
midgap edge states is, to some extent, counter-intuitive.
To understand such a “paradox”, we must again resort
to the non-Hermitian definition of bandgap, which is al-
ready mentioned in Sec.III A. In that sense, a complete
bandgap is only possible when the bandgap is closed si-
multaneously in the real and imaginary spaces [49]. Ac-
tually, if showing the calculated bandstructures of the
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FIG. 6. (a) Variation of eigenstate spectra of open systems
with different lattice constants at β = 0.6. Bandstructures
calculated from finite chains with different lattice constants
of (b) d = 0.8λ0, (c) d = λ0 and (d) d = 1.2λ0.
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FIG. 7. (a-c) Dipole moment distributions of midgap edge
states for finite chains with different lattice constants un-
der the dimerization parameter of β = 0.6. (d-f)Dipole mo-
ment distributions of the topologically protected interface and
right-edge states of connected chains with different lattice
constants comprising of a finite chain with β = 0.6 and an-
other with β = 0.4.
eigenstates of these non-Hermitian systems in the com-
plex plane in Figs.6b-6d for d = 0.8λ0, λ0 and 1.2λ0
respectively, where β = 0.6, we find that the complex
bandgap is completely open in all the three cases, al-
though the real spectra of the d = λ0 and 1.2λ0 cases are
ungapped. Notably, we indeed observe high-IPR discrete
states reside in the complex bandgaps. In Figs.7a-7c,
the dipole moment distributions of these midgap states
are shown. We have also verified that the complex Zak
phase is still quantized to be pi for β > 0.5 and 0 for
β < 0.5 (not shown here). Moreover, to further verify
the topological nature of these systems, we also demon-
strate the dipole moment distributions of the interface
states emerging at the boundaries of topologically dis-
tinct chains, i.e., a β = 0.6 chain in the right and β = 0.4
in the left, shown in Figs.7d-7f.
C. Transverse eigenstates
In this subsection, we investigate the topological prop-
erties of transverse eigenstates (polarized along the y, z
axes). Similar to the procedures in Eqs.(5-7), where using
the transverse component of the Green’s function (Gyy
or Gzz for the present chain)
G⊥0 (x) = G0,yy(x) = [
i
k|x| −
1
(k|x|)2 + 1]
exp (ik|x|)
4pi|x| ,
(20)
we have(
aT11(kx) a
T
12(kx)
aT21(kx) a
T
22(kx)
)(
pA,kx
pB,kx
)
=
Ekx − ω0 + iγ/2
−3piγ
(
pA,kx
pB,kx
)
,
(21)
where the superscript T stands for transverse. Note
the transverse eigenstates are essentially different from
the longitudinal states because the far-field, long range
dipole-dipole interaction term which decays with the dis-
tance as 1/|x| plays a critical role. The diagonal elements
of the transverse Bloch Hamiltonian HT (kx) are calcu-
lated as
aT11(kx) = a
T
22(kx) =
Li1(z
+) + Li1(z
−)
4pikd
+ i
Li2(z
+) + Li2(z
−)
4pik2d2
− Li3(z
+) + Li3(z
−)
4pik3d3
.
(22)
The off-diagonal terms are given by
aT12(kx) =
[
i
Φ(z+, 2, β)
4pik2d2
− Φ(z
+, 3, β)
4pik3d3
+
Φ(z+, 1, β)
4pikd
]
× exp (ikβd) +
[
i
Φ(z−, 2, 1− β)
4pik2d2
− Φ(z
−, 3, 1− β)
4pik3d3
+
Φ(z−, 1, 1− β)
4pikd
]
z− exp (−ikβd),
(23)
and
aT21(kx) =
[
i
Φ(z+, 2, 1− β)
4pik2d2
− Φ(z
+, 3, 1− β)
4pik3d3
+
Φ(z+, 1, 1− β)
4pikd
]
z+ exp−(ikβd) +
[
i
Φ(z−, 2, β)
4pik2d2
− Φ(z
−, 3, β)
4pik3d3
+
Φ(z−, 1, β)
4pikd
]
exp (ikβd)
(24)
In Figs.8a and 8b we show the real parts of the trans-
verse Bloch bandstructures for d = 0.2λ0 and d = 0.5λ0
with different dimerization parameters β = 0.5, 0.6, 0.7.
The bandstructures for β = 0.3 and β = 0.4 are the
same as those for β = 0.7 and β = 0.6, respectively. It is
noted that when the light line (at kx = 2pi/λ0) intersects
the bandstructures, the transverse eigenstates are phase-
matched to the free space radiation along the chain, and
result in significant discontinuities [34, 64]. Apart from
those discontinuities, the real bandstructures for β 6= 0.5
10
are all gapped in the real space. We also calculate the cor-
responding bandstructures for finite chains with N = 100
atoms in Figs.8c and 8d. The high-IPR midgap states
can be unambiguously identified at the edge of Brillouin
zone (kx = pi/d) in the complex bandgaps. Notably, the
IPR of the midgap states for the d = 0.2λ0 case is around
0.41, while that he d = 0.5λ0 case is much smaller, only
around 0.07.
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FIG. 8. (a) Bandstructure for transverse eigenstates of a
dimerized chain with d = 0.2λ0 for different dimerization
parameters β. Here λ0 = ω0/c is the wavelength at the
single-atom resonance. (b) The same as that in (a) but with
d = 0.5λ0. (c) Bandstructure for a finite chain with N = 100
atoms where β = 0.6 and d = 0.2λ0. (d) The same as that in
(c) but with d = 0.5λ0.
The dipole moment distributions for these midgap
states are shown in Figs.9a and 9b respectively, in the log-
arithmic scale. It is found that in both cases, the midgap
states are exponentially localized over the edges. How-
ever, the localization length of the midgap states in the
d = 0.5λ0 case is much longer than that in the d = 0.2λ0
case. This is consistent with the recent study of Pe´rez-
Gonza´lez et al [75], which take long-range hoppings in
the Hermitian SSH model into account. In that study, it
is found that when the amplitude of even hoppings (sec-
ond neighbor, fourth neighbor, etc.), which enter into the
diagonal terms in the Hamiltonian, is comparable to that
of odd hoppings (nearest neighbor, third neighbor, etc.),
which enter into the off-diagonal terms, the localization
length of the edge states is strongly increased. This is
the case in our system, where a longer lattice period
makes a11(kx) comparable with a12(kx) and a21(kx), be-
cause the far-field, long-range dipole-dipole interactions
in transverse eigenstates are strong.
We also calculate the complex Zak phase for the trans-
verse bandstructures (not shown here). In this situation,
we still find that for β > 0.5, the complex Zak phase is
pi while for β < 0.5 it is 0. We thus conclude that in the
transverse case, the bulk-boundary correspondence is still
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FIG. 9. (a) Dipole moment distributions of transverse midgap
edge states for a finite chain with a lattice constant of d =
0.2λ0 and dimerization parameter of β = 0.6. (b) The same as
(a) but with a lattice constant d = 0.5λ0. (c) Dipole moment
distributions of topologically protected interface and right-
edge states of connected chains with a lattice constant of
d = 0.2λ0 comprising of a finite chain with a dimerization
parameter of β = 0.6 and another with β = 0.4. (d) The
same as (c) but with a lattice constant d = 0.5λ0.
applicable although dipole-dipole interactions are consid-
erable, because the bandstructures for infinite atoms and
finite atoms are almost the same, and the complex Zak
phase is able to indicate the emergence of midgap edge
states. In Figs.9c and 9d, when we combine two such
systems with different complex Zak phases, we still ob-
serve highly localized interface states. As expected, the
localization lengths of the interface and right edge states
in the d = 0.5λ0 case are much longer.
Finally, to understand, at least partially, why in the
present non-Hermitian systems the complex Zak phase
and the principle of bulk-boundary correspondence are
still valid, we calculate the measure of biorthogonality
of an eigenstate φ of a finite chain, namely, the phase
rigidity, defined as the ratio between biorthogonality and
orthogonality [74, 81]
rφ =
〈pLφ |pRφ 〉
〈pRφ |pRφ 〉
, (25)
where 〈pLφ | is the eigenvector of the left eigenstate of the
Hamiltonian of a finite chain of atoms. For Hermitian
Hamiltonians, this quantity is exactly 1 for all eigen-
states, while for a non-Hermitian Hamiltonian where
|pLφ 〉 6= |pRφ 〉, |rφ| is generally less than 1, and at and
near an EP it takes its minimum value rφ → 0. In
Fig.10 we show the averaged phase rigidity of the eigen-
states ¯|r| = Σφ|rφ|/N for transverse and longitudinal
eigenstates under β = 0.6 and β = 0.7 as a function
of the lattice constant d. It can be regarded as a mea-
sure of Hermiticity, and a smaller |r| indicates stronger
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non-Hermiticity of the Hamiltonian [74, 81]. In all the
cases investigated in the present study, we find that the
although phase rigidity shows a decreasing trend with the
increase of lattice constant, it is still considerably high.
Therefore, in the present system, the non-Hermiticity is
weak, and the methods and principles developed from
Hermitian systems can be generalized and then applied
here.
0 . 0 0 . 4 0 . 8 1 . 20 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0
|r|
d / λ0
 β= 0 . 7  T r a n s β= 0 . 6  T r a n s β= 0 . 7  L o n g β= 0 . 6  L o n g
FIG. 10. The averaged phase rigidity of eigenstates, which
acts as a measure of Hermiticity of the non-Hermitian system,
as a function of the lattice constant under different dimeriza-
tion parameters for both longitudinal and transverse eigen-
states of a finite chain with 100 atoms.
D. On the experimental realization
Our proposal of 1D dimerized atomic arrays is ex-
perimentally available in the state-of-art quantum sim-
ulation techniques. Actually, recent advances in opti-
cal lattices, which are made by optical standing waves,
can create high-filling-factor (exceeding 90%) atomic ar-
rays with a single atom per lattice site, by utilizing the
superfluid-Mott insulator transition at high trap poten-
tial depths [20–23]. The lattice spacing can be con-
trolled to reach deep-subwavelength scale [82–84], com-
pared to the dipole transition wavelength of the two-
level atom. For instance, for the bosonic strontium atom
84Sr, the 3P0-
3D1 dipole transition wavelength is 2.6µm,
and using the optical lattice with the “magic wave-
length” (here a blue-detuned 412.8nm laser) can achieve
a deep-subwavelength lattice spacing of a = 206.4nm [83].
More specifically, such a dimerized atomic array can be
appropriately realized by the 1D double-well potential
(superlattice potential) composed of two superimposed
optical lattices with different wavelengths (usually the
wavelength of one optical lattice is twice of the other’s)
[65, 85, 86], where the dimerization parameter can be
well-controlled by tuning the phases and amplitudes of
two optical lattices.
Moreover, cutting-edge developments in the manipu-
lation of single atoms make the fabrication of atomic
lattices with arbitrary ordered geometries feasible. It
was recently shown that 1D 87Rb atomic arrays with de-
sired arrangements in a large scale (more than 50 atoms)
can be assembled in an atom by atom way, through a
fast, real-time control of an array of tightly focused opti-
cal tweezers [24, 87]. Two-dimensional 87Rb arrays with
user-defined geometries can be also fabricated in a similar
way [25]. This technique offers an alternative and ideal
platform for the research of atom-made photonic struc-
tures. Other modern quantum simulation techniques, for
instance, the dynamic modulation for spin-dependent op-
tical lattice [88] and nanophotonic atom lattices using
dielectric photonic crystals [89] or plasmonic nanopar-
ticle arrays [90], are also possible ways to create ultra-
cold atom-based topological photonic systems with de-
sired periodic patterns.
V. CONCLUSION
In conclusion, we propose one-dimensional dimerized
ultracold atomic chains as a non-Hermitian analogy of
the conventional SSH model. We show that the com-
plex Zak phase is still quantized and becomes nontrivial
when the dimerization parameter β > 0.5 despite the
non-Hermitian Hamiltonian and the breaking of chiral
symmetry. Topologically protected optical states with
high IPRs are found at the edges of dimerized chains
with nontrivial complex Zak phases (θB = pi), as well
as at the interface between chains with different com-
plex Zak phases, based on an analysis of the eigenstate
distribution for finite chains. These phenomena confirm
the validity of the bulk-boundary correspondence in the
present non-Hermitian system. We further show that
such topological edge states are robust under disorders
which do not respect the chiral symmetry, elucidating
that such edges modes are indeed topologically protected.
For transverse eigenstates, we discover that the existence
of strong far-field dipole-dipole interactions still preserves
the topological properties described by a quantized com-
plex Zak phase, which is nontrivial for β > 0.5, while the
localization length of topological edge states is increased
with the increase of lattice constant.
On the other hand, the ultra-strong scattering cross
section and ultra-narrow linewidth of a single cold atom
allows us to observe in more detail about topological
states than conventional systems, such as the frequency
shift with respect to the single-atom resonance and the
largely tunable bandgap. We also expect that topological
photonic states in such dimerized ultracold atomic chains
can provide an efficient interface for studying the topolog-
ical states of light and matter [18]. Moreover, if nonlinear
effects in the atoms are included at high-intensity exci-
tation, such dimerized chains can be applied to study
the many-body physics of interacting photons [14, 29].
We also envisage some general features of non-Hermitian
topological photonic systems composed of highly reso-
nant point dipoles, including quantum dots, plasmonic
nanoparticles, etc., can be obtained from our study.
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